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We introduce a novel property of bipartite quantum states, which we call faithfulness, and we say
that a state is faithful when acting with a channel on one of the two quantum systems, the output
state carries a complete information about the channel. The concept of faithfulness can also be
extended to sets of states, when the output states patched together carry a complete imprinting of
the channel.
PACS numbers: 03.65.Ta 03.67.-a
When a quantum system enters a quantum channel, its
state transforms according to a linear, trace-preserving,
and completely positive map E [1]. The input-output evo-
lution of the state ρ can be written in a so-called Krauss’s
form [2]
ρ→ E(ρ) =
∑
n
KnρK
†
n , (1)
where Kn are operators on the Hilbert space H of the
quantum system, and satisfy the completeness relation∑
nK
†
nKn = I, in order to preserve the trace of ρ. It is
natural now to pose the question: is it possible to recover
the channel E from the output state E(ρ)?
It is clear that a single input state cannot be sufficient,
and one actually needs to vary the input state over a
somewhat “complete” set in order to recover the channel
[3], and this is the basis of the so called quantum process
tomography [4]. In Ref. [5] it has been shown how a
fixed maximally entangled state can be used to recover
the channel E , with the entangled state playing the role
of all possible input states in a quantum parallel fashion.
The key feature of the method is that only one of the two
entangled systems is impinged into the channel, whereas
the other is left untouched, as in Fig. 1. The result
is that for an unnormalized maximally entangled input,
such as
|I〉〉 =
∑
l
|l〉 ⊗ |l〉, (2)
where we used the notation |A〉〉 =
∑
ij Aij |i〉 ⊗ |j〉 for
vectors |A〉〉 ∈ H ⊗ H for a fixed orthonormal basis b =
{|i〉 ⊗ |j〉} for H ⊗ H, the corresponding unnormalized
output
SE
.
= E ⊗ I(|I〉〉〈〈I|) (3)
is in one-to-one correspondence with the quantum chan-
nel E , the inverse relation being
E(ρ) = Tr2[I ⊗ ρ
τ SE ], (4)
where Oτ denotes transposition of the operator O with
respect to the same basis b. The above one-to-one cor-
respondence is an application of the Gelfand-Naimark-
Segal representation (GNS) [6] of C∗-algebras: a simple
proof can be found in Ref. [7]. Notice that we have
kept the input vector unnormalized, in order to have the
correspondence valid also for infinite dimensions (the cor-
respondence actually holds between completely bounded
maps and bounded operators).
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FIG. 1: The input state R is called faithful when the corre-
spondence between the output state RE
.
= E ⊗ I(R) and the
quantum channel E is one-to-one, namely the output state RE
carries a complete imprinting of the quantum channel E .
The question is now: is it possible to keep the corre-
spondence between output state RE and channel E one-
to-one also using a non maximally entangled input state
R? As we will show in this letter, the answer is affirma-
tive. Moreover, quite surprisingly there are even input
separable states which work as well. We will call the in-
put states with such property faithful, namely we will
use the following definition: a state R is faithful when
the output RE
.
= E ⊗ I(R) from a quantum channel E is
in one-to-one correspondence with E . In other words, RE
carries a complete imprinting of the quantum channel E .
Using the spectral decomposition R =
∑
l |Al〉〉〈〈Al | for
the input state R, we can write
RE = E ⊗ I(R) =
∑
l
I ⊗Aτl SEI ⊗A
∗
l
≡ E ⊗R(|I〉〉〈〈I|), (5)
where R(ρ) =
∑
lA
τ
l ρA
∗
l , and O
∗ denotes the complex
conjugated of the operator O with respect to the basis b.
From Eqs. (3) and (5) we can see that the faithfulness
of R is equivalent to the invertibility of the map R, since
whenever the mapR is invertible the output state RE will
be in one-to-one correspondence with SE , and thus with
the channel E . For a pure state R ≡ |A〉〉〈〈A| faithfulness
means simply that the operator A is invertible. In other
2words: a pure bipartite state is faithful iff it has maximal
Schmidt’s number. More generally, for mixed states R =∑
l |Al〉〉〈〈Al|, the full map R(ρ) =
∑
lA
τ
l ρA
∗
l must be
invertible, in order to have a one-to-one correspondence
between RE and E .
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FIG. 2: A generally mixed state R =
∑
l
|Al〉〉〈〈Al| is faithful
when the map R(ρ) =
∑
l
Aτl ρA
∗
l is invertible, in order to
guarantee the one-to-one correspondence between RE and E .
Let’s first consider the case of finite dimensions, for
simplicity. In terms of an orthonormal basis B = {Bi} of
operators for the (Hilbert space of) operators S ∈ B(H)
on H (i. e. Tr[B†iBj ] = δij), we have the unique ex-
pansion S =
∑
i Tr[B
†
i S]Bi. The map R is invertible
iff it transforms the basis into a set of linearly inde-
pendent operators R(Bi) =
∑
j RijBj , where, by defi-
nition, Rij = Tr[B
†
jR(Bi)]. In fact the map R is in-
vertible iff the matrix Rij has inverse R
−1
ij , and the
inverse map R−1 is defined through its action on the
basis as R−1(Bi) =
∑
j R
−1
ij Bj . Then, starting from
R(S) =
∑
j Tr[B
†
jR(S)]Bj , it is possible to recover S by
applying R−1 as S =
∑
j Tr[B
†
jR(S)]R
−1(Bj). From the
identity
Rij = Tr[B
†
j
∑
l
Aτl BiA
∗
l ] = 〈〈Bj |
∑
l
Aτl ⊗A
†
l |Bi〉〉, (6)
we see that an equivalent condition for the invertibility
of R is that the operator Rˇ on H⊗2
Rˇ
.
=
∑
l
Aτl ⊗A
†
l = (ER)
τ2E ≡ (Rτ2E)τ1 (7)
is invertible, where E =
∑
ij |ij〉〈ji| is the swap oper-
ator, and Oτl denotes the partial transposition of the
operator O on the lth Hilbert space. Actually, the cor-
respondence R ↔ Rˇ preserves multiplication of maps, as
|R(S)〉〉 = Rˇ|S〉〉, whence |R−1(S)〉〉 = Rˇ−1|S〉〉. This fur-
ther clarifies the relation between the invertibility of the
map R and that of the operator Rˇ [8].
Therefore, a bipartite state R is faithful if and only if
the operator Rˇ in Eq. (7) is invertible. For this kind of
states the relation RE = E ⊗ I(R) ↔ SE is one-to-one,
and the information about the channel E can be extracted
from RE as follows
E(ρ) = Tr2[I ⊗ ρ
τI ⊗R−1(RE)]. (8)
It is clear that the set of faithful states R is dense within
the set of all bipartite states. However, the knowledge
of the map E from a measured RE will be affected by in-
creasingly large errors for Rˇ approaching a non-invertible
operator, and measures of faithfulness should be intro-
duced (we will analyze this problem later in this let-
ter). Since the set of faithful states is dense, it follows
that there must be faithful states among mixed separable
states. For example, the Werner’s states for dimension d
Rf =
1
d(d2 − 1)
[(d− f)+ (df − 1)E], −1 ≤ f ≤ 1, (9)
are separable for f ≥ 0, however, they are faithful for all
f 6= 1
d
, since one has (ERf )
τ2 = 1
d(d2−1) [(d− f)|I〉〉〈〈I|+
(df − 1)], and the singular values of Rˇf are
df−1
d(d2−1) and
1
d
. Similarly, the “isotropic” states
Rf =
f
d
|I〉〉〈〈I| + 1−f
d2−1 (I −
1
d
|I〉〉〈〈I|), (10)
are faithful for f 6= 1
d2
and separable for f ≤ 1
d
, the
singular values of Rˇf being
d2f−1
d(d2−1) and
f
d
.
For infinite dimensions (e. g. for “continuous vari-
ables”), one needs to restrict B(H) to the Hilbert space
of Hilbert-Schmidt operators on H, and this lead to the
problem that the inverse map R−1 is unbounded. The
result is that we will recover the channel E from the mea-
sured RE , however, with unbounded amplification of sta-
tistical errors, depending on the chosen representation
B = {Bj}, due to the fact that R−1(Bj) increases un-
boundedly for j → ∞. As an example, let’s consider a
twin beam from parametric down-conversion of vacuum
|Ψ〉〉 = Ψ⊗ I|I〉〉, Ψ = (1−|ξ|2)
1
2 ξa
†a, |ξ| < 1 (11)
for a fixed ξ, a† and a, with [a, a†] = 1, denoting the cre-
ation and annihilation operators of the harmonic oscilla-
tor describing the field mode corresponding to the first
Hilbert space in the tensor product (in the following we
will denote by b† and b the creation and annihilation op-
erators of the other field mode). The state is faithful, but
the operator Ψ−1 is unbounded, whence the inverse map
R−1 is also unbounded. In a photon number representa-
tion B = {|n〉〈m|}, the effect will be an amplification of
errors for increasing numbers n,m of photons.
Consider now the quantum channel describing the
Gaussian displacement noise [13]
Nν(ρ) =
∫
C
dα
piν
exp[−|α|2/ν]D(α)ρD†(α), (12)
whereD(α) = exp(αa†−α∗a) denotes the usual displace-
ment operator on the phase space. The Gaussian noise is
in a sense the analogous of the depolarizing channel for
infinite dimension. The maps Nν for varying ν satisfy
the multiplication rule NνNµ = Nν+µ, whence the in-
verse map is formally given by N−1ν ≡ N−ν . Notice that,
since the map Nν is compact, the inverse map N−1ν is
3necessarily unbounded. As a faithful state consider now
the mixed state given by the twin-beam, with one beam
spoiled by the Gaussian noise, namely
R = I ⊗ Nν(|Ψ〉〉〈〈Ψ|). (13)
A lengthy straightforward calculation gives the state
R =
1
ν
Ψ⊗ I exp[−(a− b†)(a† − b)/ν]Ψ† ⊗ I, (14)
and its partial transposed
Rτ2 = (ν+1)−1Ψ⊗ I
(
ν − 1
ν + 1
) 1
2
(a−b)†(a−b)
Ψ†⊗ I, (15)
where transposition is defined with respect to the basis
of eigenvectors of a†a and b†b. Since our state is Gaus-
sian, the PPT criterion guarantees separability [14], and
for ν > 1 our state (14) is separable (see also Ref. [15]),
still it is formally faithful, since the operator Ψ and the
map Nν are both invertible. Notice that unbounded-
ness of the map inversion can even wash out completely
the information on the channel in some particular cho-
sen representation B = {Bj}, e. g. when all operators
Bj are out of the boundedness domain of R−1. This is
the case, for example, of the (overcomplete) representa-
tion B = {|α〉〈β|}, with |α〉 and |β〉 coherent states, since
from the identity
Nν(|α〉〈α|) =
1
ν + 1
D(α)
(
ν
ν + 1
)a†a
D†(α), (16)
one obtains
N−1ν (|α〉〈α|) =
1
1− ν
D(α)
(
1− ν−1
)−a†a
D†(α), (17)
which has convergence radius ν ≤ 12 , which is the well
known bound for Gaussian noise for the quantum tomo-
graphic reconstruction for coherent-state and Fock rep-
resentations [16]. Therefore, we say that the state is for-
mally faithful, however, we are constrained to represen-
tations which are analytical for the inverse map R−1.
In a more general framework, we can consider the
faithfulness of the bipartite state R of two quantum sys-
tems described by different (in finite dimensions) Hilbert
spaces H and K. We need now to consider operators
A in either B(K,H), B(H), or B(K) (in all cases we will
keep the same notation |A〉〉 for the corresponding vec-
tor in H ⊗ K, H⊗2, or K⊗2). Corresponding to the
state R =
∑
l |Al〉〉〈〈Al| on H ⊗ K we have now the map
R(ρ) =
∑
l A
τ
l ρA
∗
l from states on H to states on K, and
the related operator Rˇ =
∑
lA
τ
l ⊗ A
†
l ∈ B(H
⊗2,K⊗2).
We still have Rˇ|S〉〉 = |R(S)〉〉, with |S〉〉 ∈ H⊗2, and
|R(S)〉〉 ∈ K⊗2. In order to express Rˇ through its matrix
components Rij , we now need to choose d an operator ba-
sis B′ = {B′i} also for B(K), so that R(Bi) =
∑
j RijB
′
j ,
where now
Rij = Tr[B
′†
j R(Bi)] = 〈〈B
′
j |
∑
l
Aτl ⊗A
†
l |Bi〉〉 . (18)
Then, the faithfulness of R, is more generally equivalent
to the left invertibility of R, or, equivalently, to the left
invertibility of Rˇ.
Now, if we have a set of bipartite states {R(n)}N1 on
H⊗K which are not faithful, we can try anyway to recover
the quantum channel E by patching the outputs R
(n)
E
.
=
E ⊗ I(R(n)) together. This is possible if and only if the
following joint state on H⊗ K˜ (K˜
.
= K⊗ CN ) is faithful
Rset =
N∑
n=1
pnR
(n) ⊗ |n〉〈n|, (19)
where pn are probabilities (the state Rset is equivalent to
a mixture the states {R(n)} in a knowingly fashion). In
this case we call the set {R(n)} a faithful set of states.
What can we do with an unfaithful state R? The map
R is not invertible, and for all vectors |S〉〉 ∈ Ker(Rˇ) we
have R(S) = 0. However, an unfaithful state can still be
useful in recovering some quantum channels, or at least
a part of them. In fact, one can use the pseudo-inverse
Rˇ‡, which allows inversion only in Rng(Rˇ†) ≡ Ker(Rˇ)⊥,
with Rˇ‡Rˇ = I − P , P being the orthogonal projector
on Ker(Rˇ). Correspondingly, one defines the pseudo-
inverse map R‡ from the identity |R‡(S)〉〉
.
= Rˇ‡|S〉〉, or,
equivalently, by its action on the basis for B(K), i. e.
R‡(B′i) =
∑
j R
‡
ijBj . It is clear that now the inversion,
instead of the full SE , will give its projection
S˜E = I ⊗R
‡(RE) = I ⊗ Q(SE) (20)
where Q = R‡R = Q2 is the orthogonal projection map
on the operator space B(H), also defined as |Q(S)〉〉 =
(I−P )|S〉〉 = Qˇ|S〉〉. The partially recovered map E˜(ρ) =
Tr2[I⊗ρ
τ S˜E ] is generally not CP, and can also be written
as E˜ = EQ∗, where Q∗ is the orthogonal projection map
corresponding to the operator Qˇ∗.
The above considerations suggest a definition of a
number of faithfulness ϕ as ϕ(R) = Tr(Qˇ), corre-
sponding to the rank of Rˇ. Then, a state is faith-
ful for ϕ(R) = dim(H)2. Notice that for ϕ(R) <
dim(H)2 one can have the situation in which Rng(Rˇ†) =
Span{|S〉〉, S commuting}, in which case the state R al-
lows to reconstruct completely only “classical” channels,
with the input restricted to an abelian algebra of states.
The introduction of pseudo-inversion provides an algo-
rithm for the patching when using a set of states {R(n)}
that lead to the projection maps {Q(n)}. The set is faith-
ful iff we can recover any operator S ∈ B(H) from its
projections Q(n)(S), and this is possible iff, given a ba-
sis {Bi} for B(H), one has Span{Q
(n)(Bi)}i,n = B(H).
In such circumstances, any element of the basis can be
expressed as a linear combination of the Q(n)(Bi), there-
fore the component Tr[B†i S] of S will be a linear com-
bination of terms of the form Tr[Q(n)(Bi)†S], whereas
these terms can be calculated substituting S with the
projection Q(n)(S). Expanding Bi =
∑
jn λ
n
ijQ
(n)(Bj),
4the reconstruction formula for SE will be
SE =
∑
ijn
λn∗ij Tr2[I ⊗Q
(n)(Bj)
†S˜
(n)
E ]⊗Bi . (21)
Now, let’s consider the problem of how to define a mea-
sure of faithfulness F (R) of the state R. As already no-
ticed, even though in principle any faithful state can be
used to perform a tomography of the channel E [5], the
experimental errors on the measured RE are propagated
to E by the inversion of the map R. Thus different faith-
ful input states can produce very different errors on the
measured channel. It is clear that all the features produc-
ing amplification of errors are contained in the singular
values σl of Rˇ: the inversion involves multiplications by
σ−1l , then the smaller are the singular values σl, the larger
is the error amplification, whence the number of measure-
ments needed to have a good reconstruction. This sug-
gests that a measure of faithfulness should be an increas-
ing function F (R) ≡ f({σl}) of the singular values σl of
Rˇ, and when the different σl are equivalent f({σl}) must
be invariant under their permutations, whence F (R) is
a symmetric monotone norm of Rˇ [17]. It is clear, how-
ever, that it is unpractical to have a universal measure
for faithfulness, and its actual definition will be dictated
by the goodness criterion adopted for the reconstruction
of the quantum channel E . For example, the Frobenius
norm ||Rˇ||2 = Tr[Rˇ†Rˇ] = Tr[R†R] coincides with the pu-
rity of the state R, and this simply shows that, for the
part of the channel that can be reconstructed, the error
is minimized for pure input state R.
The definitions of F and ϕ can be naturally extended
to sets of states {R(n)} via the introduction of the joint
state Rset in Eq. (19). It obviously follows that any cho-
sen degree of faithfulness F (R) of a maximally entangled
pure state R will be larger than the degree F ({R(n)}) of
any faithful set {R(n)} of unfaithful states.
In conclusion, in this letter we have introduced a new
feature of bipartite quantum states, which we call faith-
fulness, corresponding to the ability of the state of carry-
ing the complete imprinting of a channel acting on one of
the pair of quantum systems. This property has also been
extended to sets of bipartite states, when the channel
can be recovered from the corresponding output states
patched together. We have seen that there are separa-
ble states that are faithful, and the maximally faithful
states are the maximally entangled pure states. We want
to stress that the property of being faithful is a strictly
quantum feature, since a faithful state cannot be writ-
ten as the mixture of local classical (i. e. commuting)
states. This also shows how subtle is the game between
the classical and quantum natures in the correlations of
a general mixed quantum state.
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